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1. Introduction The concept of soft set theory is introduced by Molodtsov to overcome
uncertainties which cannot be dealt with by classical methods in many areas such as engineering,
economics, medical science and social science. At present, work on the soft set theory is
progressing rapidly. P.K.Maji at all [2] defined basic properties of soft set theory. Aktas and
Cagman [3] compared to soft sets to the related concepts of fuzzy sets and rough sets and
introduced soft group and derived their basic properties. Sujoy Das and S.K. Samanta [4-6]
studied soft real sets, soft real numbers, soft complex sets, soft complex numbers and soft metric.
Soft linear spaces and soft norm on soft linear spaces are given and some of their properties are
studied by Samanta, Das ve P. Majumdar [7]. In [8] Q. Sun, Z. Zang and J. Liu, introduced the
definition of soft modules and constructed some basic properties of soft modules.

Module theoretic approach is better suited to deal with deeper results in representation theory.
Moreover, module theoretic approach gives more elegance to the theory. In particular, the G-
module structure has been extensively used for the study of representations of finite groups.
Group theory is now factored into two parts. First, there is a study of the structure of abstract
groups. Second is the companion question: given a group G, how can we describe all the ways in
which G may be embedded in a linear group GL(V)? This is the subject matter of representation
theory [9,10,11]. Soon after the introduction of fuzzy set theory by L.A. Zadeh [12 ] in 1965,
Rosenfield [13 ] initiated the fuzzification of algebraic structures. Recently, some researchers
studied G-modules on fuzzy sets. As a continuation of these works S. Fernandez [14] introduced
fuzzy parallels of the notions of G-modules, group representations, reducibility, irreducibility
and completely reducibility and observe, some of their basic properties. In [15] A.K.Sinho and
K. Dewangan studied isomorphism theorems for fuzzy submodules of G-modules. Recently,
many authors have studied some algebraic structures of soft set theory. [16,17,18,19,20] Some
interesting results in the theory of soft modules are still being explored currently. However the
theory of soft modules has not yet been studied. The main purpose of this paper is to introduce
soft parallels of the notions of G-modules, reducibility, irreducibility and completely reducibility

and observe, some of their basic properties.
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2.Preliminaries: In this section as a beginning, the concepts of G-module[36] soft sets
introduced by Molodtsov [29] and the notions of fuzzy soft set introduced by Maji et al. [26]

have been presented.

2.1 Definition [2] For two soft sets (F,A) and (G,B) over a common universe U, we say that
(F,A) is a soft subset of (G,B) if

)] AcB and,

i) Vv Ec A, F(€) and G(&) are identical approximations.We write (F,A)S(G,B).

2.2 Definition [2] The union of two soft sets (F,A) and (G,B) over the common universe U is
the soft set (H,C), where C = A U B and for all xe C,

F(x), if xeA—B
H(x) =< G(x), if xeB—A
F(x)UG(x), if xeANB

We write (F,A) U (G,B) =(H,C).

2.3 Definition [2] The intersection of two soft sets (F,A) and (G,B) over the common universe
U is the soft set (H,C) , where C=A N B and forall x ¢ C, H (x) = F(x) or G(x),(as both are
same set). We write (F,A)N (G,B)=(H,C).

2.1.Theorem [13]: Let Fy and Tk be soft sets over U, F'y, T'k be their relative soft sets,
respectively and ¥ be a function from H to K. then, i) ¥ *(T'k) = (¥ (Tx))",

i) Y (F'w) = (@*(Fn)) and P*(F') = @ (Fw))"

2.4 Definition [3] Let G be a group and (F,A) be a soft set over G. Then (F,A) is said to be a
soft group over G if F(a) is a subgroup of G, for each a €A.
Let V be a vector space over a field K and let A be a parameter set. A soft set (F, A) where F :A

— (V) will be denoted by F only.
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2.5 Definition [7] Let V be a vector space over a field K and let A be a parameter set. Let G be a
soft set over (V,A). Now G is said to be a soft vector space or soft linear space of V over K if

G(x) is a vector subspace of V, vx €A.

2.1 Example [7] Consider the Euclidian n-dimensional space R™ over R. Let A={1,2,3,...,
n} be the set of parameters. Let G: A —g (R") be defined as follows:
G(@i)={teR"; i—thcoordinateoftis0},i=1,2,...,n.

Then G is a soft vector space or soft linear space of R™ over R.

2.6 Definition[7] Let F be a soft vector space of V over K. Let G: A — g (V) be a soft set over
(V,A). Then G is said to be a soft vector subspace of F if

)} For each x € A, G(X) is a vector subspace of V over K and
i) F(X)2G(x),VxeA.

2.7 Definition [9] Let G be a finite group. A vector space M over a field K is called a G-
module if for every g e G, m € M, there exists a product (called the actionof GonM) m.ge M
satisfying the following axioms.

)m.1; =m,VmeM (1; being the identity element in G)

i) m.(g.h) =(m.g).h,vmeM; g, heG

i) (kymq+ky, my).g =mq(k1.9)+ ky(m,.9), V ki, ky e K; my, myeM; geG.

2.1 Remark [9] The operation (m, g)—m.g defined above may be called a right action of
GonM and M may be said to a right G-module. We shall consider all G-modules as
right G-modules.

2.2 Example [9] Let G={1,-1,i,-i} and M=C" (n>1). Then M is a vector space over
C and under the usual addition and multiplication of complex numbers, we can show that

M is a G-module.
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2.3 Example [9] For any prime p, we have M = (Z,, +, .) is a field. Let G=M—{0}. Then

under the field operations of M, it is a G-module.

2.4 Example [9] Let G ={1, -1} and Q(\2)={x+yv2: X, yeQ} Then Q(?2) is a
vector space over Q and Q(v2) is a G-module.

2.8 Definition [9] Let M be a G-module. A vector subspace N of M is a G-sub module if N is

also a G-module under the same action of G.

2.9 Definition [9]Let M and M* be G-modules. A mapping ¢ : M — M* is a G-module
homomorphism if

i) o ky.my+ ky.my) = ky. o(my)+ ka.@(m3) and,

i) omg)=oe(m).g, V ki, kyeK;mmy,myeM;geG

Further if, ¢ is 1-1, then ¢ is an isomorphism. The G-modules M and M* are said to be

isomorphic if there exists an isomorphism ¢ of M onto M*. Then we write M = M* .

2.10 Definition [9] Let M be a nonzero G-module. Then M is irreducible if the only G-
sub modules of M are M and {0}.Otherwise M is reducible.

2.11 Definition [10] Let My, M,M3, ... , M, be vector spaces over a field K. Then the set
{my+my+... + m, ; m;e M; } becomes a vector space over K under the operations

(my+ ma+... +my) +( my+ my+. +my) = (my+my )+ (my+my )+ + (my, +my,)
and

o my+ my+... + my) =omytamy+... tom, ; aeK, m, €M,
It is the called direct sum of the vector spaces My, M,Ms, ... , M, and is denoted by
i=1D M;.

2.2 Remark [10] The direct sum M = 1@ M; of vector spaces M; has the following
properties.
)] Each element me M has a unique expression as the sum of elements of M;.

i) The vector subspaces My, My,M3, ..., M, of M are independent.
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iii) For each 1<i<n , M; N (My+ My +...+ M;_; + M; 1+ ... + M,) = {0}.

iv)

2.12 Definition [9] A nonzero G-module M is completely reducible if for every G-sub module N
of M there exists a G-sub module N* of M such that M =N & N*

2.1 Proposition[10] Let V be a finite dimensional vector space over a field F and let W; be any
subspace of V. Then there exist a subspace W, of V such that V =W, @ W,.

2.1 Corollary[9] All finite dimensional G- modules are completely reducible.

2.2 Proposition[9] A G-sub module of a completely reducible G-module is completely

reducible.

3. Characterization of Fuzzy Soft G-Modules

3.1Definition: Let u 5 : U — [0,1] be any function and A be a crisp set in the universe ‘U’.
Then the ordered pairs A = {(x, uz (x) / x & U} is called a fuzzy set and pa is called a

membership function.

3.2 Definition: By a t- norm ‘T’ , we mean a function T: [0,1]x [0,1]— [0,1] satisfying the
following conditions ;

(T1) T(O ,x)= 0 (T2) T(x,y) <T(x,2)ify<z

(T3) T(x,y) =T(y,x) (T4) T(x, T(y,2z) ) = T(T(x,y),z), for all x,y,z € [0,1].

3.1 Proposition : For a t-norm , then the following statement holds T(x,y) < min{x,y}, for all
x,y & [0,1].

3.3 Definition : Define
Tn (X1, X2, ..., X0),0) = T (X5, Trea ((X1,X2,.. X1, Xis1,..., Xn),q)) forall 1 <i<n,n>2, T, =T . Also

define Ts (X1,X2,...., @ ) = lim Ty ((X1,X2,...,Xn),q) a8 N — 0.
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3.4 Definition : By the intersection of fuzzy soft subsets A; and A; in a set X with respect to an
t-norm T, we mean the fuzzy soft subset A = A;N A; in the set X such that for any x ¢ X A(x,q)
= (A1NA2) (x,9) = T (A1(x,q), A2(x,q)). By the intersection of a collection of fuzzy soft subsets {
A1,A,,... } in a set X with respect to a t- norm T, we mean the fuzzy soft subset NA; such that for
any x € A, (NAi)(X,9) = To(A1(X,0), A2(X,q),...).

3.5Definition : By the direct product of fuzzy soft sets { Aj,Ao,....... } with respect to t- norm T
we mean the fuzzy soft subset A = [[A; such that

A(X1,X2,........ xn),d) = (JTAI) ((X1.X2,...... xn ),0) = Tn(A1(X1,9), A2(X2,Q), -....... , An(Xn,9)).
3.6.Definition: Let G be a group. Let M be a G-module of V and Ay be a fuzzy soft set over V.

Then Ay, is called Intersection Fuzzy Soft G-module of V (IFSG-m), denoted by Ay <; V if the
following properties are satisfied

(FSG-m;) A(ax + by) = A(x) N A(y)
(FSG-m,) A(ax) = A(x), forall x, ye M, a,b, a € F.

3.1Example: Let G = {1,-1}, M =R*over R. Then M is a G-module. Define A on M by,

AX) = {0.5, if atleast x; # 0.

Where x={x1, X5, X3, X4 }; X; € R. Then A is a fuzzy soft G-Module.

3.2Example. Suppose that G =A= {1, -1} and that we define the set valued function F:G — G,
F(x) ={yeG:x=y", neN} Then the soft group (F,A) is a parametrized family { F(x) : xe A
} of subsets, which gives us a collection of subgroups of G.

Consider the Euclidian n-dimensional space M = R™ over R. Then M is a G-module. Let B={1,
2,3,...,n} bethe set of parameters. Let V: B —g (R") be defined as follows:

V(i) ={teR"; i-thcoordinate of tis0},i=1,2,...,n.

Then (V,B) is a soft vector space or soft linear space of R" over R.

Therefore (V,B) is a soft G-module (the action of (F,A) on (V,B)).
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3.3 Example . Suppose that G =A= {1, -1, i, -i} and that we define the set valued function
F:A— G,F(X)={yeG:x=y", neN}. Then (F,A) is a soft group on G.

Consider the n-dimensional space M = C" over C. Then M is a G-module. Let B={1, 2,3, ...,
n} be the set of parameters and let S = {e;, ey, ..., e, } be a base for C". Let V: B — P(C") be
defined as V(i) = Span{e;j } , Vie B . Then (V,B) is a soft vector space of C" over C.

Therefore (V,B) is a soft G-module (the action of (F,A) on (V,B)).

3.1Corollary . Let M be a fuzzy G—-module (G is a finite group and M is a vector space over a
field K). Let A and B be parameter sets, (F,A) be a fuzzy soft group over G and (V,B) be soft
vector space over M. Then (V,B) can be define on a soft subgroup of (F,A) as a fuzzy soft G-

module.

3.4 Example . Suppose that G =A= {1, -1} and that we define the set valued function
F:A— G,F(X)={yeG:x=y", neN} Then (F,A) is a fuzzy soft group on G.

Consider the n-dimensional space M = C™ over C. Then M is a G-module. Let B={1, 2,3, ...,
n} be the set of parameters and let S = {e;, e,, ..., e, } be a base for C". Let V: B — P(C") be
defined as V(i) = Span{e;j } , Vi e B. Then (V,B) is a soft vector space of C" over C.

Therefore (V,B) is a fuzzy soft G-module (the action of (F,A) on (V,B)).

3.7 Definition . Let (F,A) and (H,B) be two fuzzy soft G-modules over M. Then (H,B) is soft G-
sub module of (F,A) if

i) B CA,

i) H(X)<F(x), V xe B,

This is denoted by (H,B) < (F,A)

3.8 Definition. Let (V,A) is any fuzzy soft G-module over M and let (V,,B) is a soft G-
submodule over {0} subspace of (V,A). Then two fuzzy soft G-sub modules (V,A) and (V,,B) of
(V,A) called trivial fuzzy soft G-sub modules.

3.5 Example . Suppose that G =A= {1, -1} and that we define the set valued function F:4 — G,
F(X)={yeG:x=y", neN}. Then (F,A) is a fuzzy soft group on G.
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Consider the Euclidian n-dimensional space M = R" over R

Consider the n-dimensional space N = C" over C . Then M and N are G-module. Let B= {1, 2, 3,
..., N} be the set of parameters and let S = {e;, ey, ..., e, } be a base for R"and let S’ = {e';,
e'y, .., e’y } be abase for C*.Let V: B —» P(R") and W: B — P(C") be defined as V(i) =
Span{e;}, W(i) = Span{e’i}, V i € B with respectively. Then (V,B) is a fuzzy soft

G-sub module of (W,B).

3.8 Definition . Let (F,A) and (H,B) be two fuzzy soft G-modules over M and N respectively.
Let :M—N and g:A—B be two functions. Then we say that (f,g) is a fuzzy soft G-module
homomorphism is the following conditions are satisfied:

)} f: M —N is a G-module homomorphism.

i) g :A—B is a mapping;

i) f(F(X)) =H@Q(X)); VxeA

In this definition, if fis an isomorphism from M to N and g is a one-to-one mapping from A onto
B, then we say that (f,g) is a fuzzy soft G-module isomorphism and that (F,A) is isomorphic
to (H,B), this is denoted by (F,A) = (H,B).

3.6 Example . Consider (V,B) and (W,B). are two fuzzy soft G-module over M = R™ and
N = C" respectively in Example 3.8.

i) f: C"—>R", f(Span{e’;}) =Span {e;}, a G-module homomorphism

i) A=B=1{1,2,3,... n} g 4A— B,g(x)=x, identity mapping

i) f(W(@)) =V(g() VieA.

Hence (f,g) is a fuzzy soft G-module homomorphism. In addition (V,A) = (W,B)..

3.2 Proposition. Let (F,A) and (H,B) be two fuzzy soft G-modules over M. Then (F,A)N (H,B)

is a fuzzy soft G-module over M.

Proof: From Definition 2.3 we know that (F,A)A (H,B)=(K, C) is a fuzzy soft set over M, where
C=A N B and K(i) = H(i) or K(i) = F(i) for all i ¢ C= A N B. (G,B)A(F,A) is a fuzzy soft G-

module over M since (G,B) and (F,A) are fuzzy soft G-module over M.
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3.3 Proposition . Let (F,A) and (H,B) be two fuzzy soft modules over M. Then (F,A) U (H,B) is
a fuzzy soft G-module over M if ANB = @.

Proof: From definition 2.4 we know that (H,B)U(F,A) = (K,C) is a fuzzy soft set, where C=A U
B and

F(x), xeA — B
K(x) =< H(x), xeB — A
F(x)UH(x), xeANB

x€eA—B or xeB—A As ANB =0, thus (K,C) is a fuzzy soft G-module over M.

3.9 Definition. Let {(F; ,B;): i=1,2,3,...,n} beanonempty family of fuzzy soft G-modules

M; over K. Then the set { F;(x; )+ Fa(x;,)+ ... ¥ Fy(x; ). x;, € B;} becomes a soft vector

k
space over K under the operations

[F1 (i, )+ Fo (i, )t B (o )]+ Fy (xi,1)+ Fz(xi’2 )t th (xi'n)]:
[F1(x;,)+ F1(x£1)]+ [F(x;,)+ Fz(xilz)]+---+ [F (xi, )+ FZ(xi'n)] and

alFi(xi )+ Fa(xi)t .o+ By (x,)] = aFy () )+ aFa(x)* ..+ aFy(xg,) 5 0eK x;,

X;, € B;

It is called the direct of the soft vector spaces {(F; ,B;): i=1,2,3,...,n} and itis denoted
by i=q@(Fi , By).

The notion of direct sum extends to fuzzy soft G-modules since fuzzy soft G-modules are fuzzy
soft vector spaces

3.4 Remark. The direct sum (F,B) = ,_"@(F; , B;) of soft vector spaces {(F; ,B;): i=1,2,
3, ..., n} has the following properties.

i) Each element F(i)e (F,B) has a unique expression as the sum of element of (F;
,B;), where i ¢ B

i) The soft vector spaces {(F; ,B;): i=1,2,3,...,n} are independent.

iii) B=,_1UB;

iv) For each 1<j<n,1<k<n,1<i<n

BN (By+By+...+ B4 +Bj;1+...+B,) =0 and

For each i eB; F (i) N {(Fi(iD+ F2(i2) +... + F1(G-1) +* By (Gt ... + B ()} = {0}
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3.3 Corollary. Let (F, B) is a fuzzy soft G-module over M, and {(F; ,B;): iel} be a nonempty
family of fuzzy soft G-sub modules of (F,B). Then

i) —10(F; ,B,) is a fuzzy soft G-sub module of (F, B).

i) i=10(F; ,B;) is a fuzzy soft G-sub module of (F,B), if B, N B; =@ for allVijel.

3.3 Proposition : If Ais fuzzy soft G- sub module of M with respect to a t- norm T, then My =
{ x/x &M, A(x) = 0} is a sub module of the module M and A is fuzzy soft G- sub module of
M , with respect to the t- norm T.

Proof: Let x,y € M; and o ¢ R. Then, according to condition (FSG-m1), A (ax+by) > T(A(x),
A(y)) = T(1,1) = 1. Thus, A (axtby) =1. Hence x+y € Mj. According to condition (FSG-m2),
A(ox) > A(x) = 1. Thus, we have A(ox) = 1. From here it follows that ax € M. Thus M; is a sub

module of module M.

3.4 Proposition: Let ‘T’ be a t-norm. Then every sensible is fuzzy soft G- sub module ‘A’ of R
is fuzzy soft G- sub module of R.
Proof: Assume that ‘A’ is a sensible is fuzzy soft G- sub module of R, then we have (FSG-m1)
A (ax+by) > T (A(x), A(y)) and (FSG-m2) A(ax) > A(x) for all X,y € R.
Since ‘A’ is sensible, we have
Min {A(x) , A(y) } = T(min {A(x),A(y)}, min { A(x), A()})
> T(A(X), A(y) )
>min { A(x), A(y) }
Andso T (AX), A(y) ) = min { A(x), A(y) }. It follows that
A(ax+by) > T( A(x), A(y) } = min { A(x), A(y) } forall x,y inR.
clearly A(ax) > A(x) forall x in R. so ‘A’ is is fuzzy soft G- sub module of R.

3.5 Proposition : If Ais is fuzzy soft G- sub module of M with respect to the t-norm min, then
forany 0¢[0,1], Mg={X/XeM, A(x) >0 } is a sub module of the module M and A is fuzzy
soft G- sub module of My with respect to min.

Proof; Let x,y € M3, and oe R, Then A(ax+by) > min { A(x), A(y)} = min {0,0} = 6. Thus
A(ax+by)> 0. Hence x+y € My. Further, we have A(ax) > A(x) > 0. From here we conclude that
ax &€ Mg. Finally, from A(0) = 1 > 0 it follows that 0 € M.
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3.6 Proposition: Let A : B— [0,1] be the characteristic function of a subset B is contained in M
and M be an G-module. Then A is is fuzzy soft G- sub module of M with respect to t-norm T if
and only if B is a sub module of the module M.
Proof: Let A be is fuzzy soft G- sub module of M with respect to T. Then, according to (FSG-
m2), A(ax,q) > A(x,q) = 1. Hence ox ¢ B. Finally, according to condition .Thus, B is a sub
module of the module M.
Conversely, Let B be a sub module of the module M. Then for any x,y € M,

Aax+by) = T(A(X), AY)}-
Indeed, for any x,y € B, A(ax+by)=1>1=T(1,1)=T (A(x), A(y))
For any X € B, and y is not in B, T(A(x), A(y)) = T(1.0) = 0 > A(ax+by)
For any X is not in B, and y € B, T(A(x), A(y)) = T(0,1) = 0 > A(ax+by)
Finally, for any X,y does not belong to B, T(A(x), A(y)) = T(0,0) = 0 > A(ax+by)
Further for all x € M, and ae R, we have A(ox) > A(x). Indeed, for all x € B we have ax € B,
hence A(ox) = 1 > A(x), and for all x does not belong to B we have A(x) = 0 < A(ax).Therefore,
Alisis fuzzy soft G- sub module of M with respectto T.

3.7 Proposition; The intersection of any collection of is fuzzy soft G- sub module of an G-
module M is fuzzy soft G- sub module of this module.
Proof: For all x,y € M, and any a € R, we have
NA; (xty) = To(As(Xty), Ax(X+y), ...) 2 Too(Too(As(X), As(Y)), Tee(A2(X), Ax(Y)), -..)
= Too (Teo(As(X), A2(X), , -..), Too(As(y), A2(y), ..))
=T ((NADX) , (NA(Y))
(NA)(ax) = Ty (A1 (0x), Az (0X), ... ) > Tu(As(X), Ax(X),...) = (NA;)) (X)

Proposition is proved.

3.8 Proposition: Let { M;,Ma,...,Mp} be a collection of G-modules and M = [] Aj be its direct
product. Let {A1,A,...,An} be is fuzzy soft G- sub module of the R-modules{ M;,Ma,..., M}
with respect to a t-norm T.Then A = []A; is is fuzzy soft G- sub module of the R- module M
with respect to the t-norm T.

Proof: Let x,y € M, X = (X1,X2,...Xp), and Yy = (Y1,Y2,...¥n). Also let e R.Then

AX+Y) = A ((XatY1, X2tY2, ..., XntYn))
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= To(As((Xaty1)), Aa((X2tY2)), -, An((XntYn)))
> To( T (Au(X1), Ar(Y1)), T(A2(X2), Aa(Y2)), ., T(An(Xn), An(Yn)))
=T (Ta(Ar(X1), Ax(X2),- .-, An(Xn)), Ta(As(yr), A2(Y2), .., A(yn)))
=T (A(X), A(Y))
A(ox) = A((0x1,0X2,...,0Xp))
= Th(Ar(ax1), Ax(axy), ..., Ap(oxy))
> Tn(A1(X1), A2(X2) ;... +An(Xn))
Therefore, A is is fuzzy soft G- sub module of the module M with respect to T.

4. Various Reducibility of fuzzy Soft G-modules.

In this section we define irreducibility, reducibility and complete reducibility of fuzzy soft G-

modules. We will give some examples related to this subject.

4.1Definition: Let (V,A) be a nonzero G-module of M over K. Then (V,A) is irreducible if the
only fuzzy soft G-sub modules of (V,A) are (V,A) and (V;, ,A), otherwise (V,A) is reducible.

4.1 Example: For any prime p, we have M = (Z,, +, .) isa field. Let G=M—{0}. Then under the

field operations of M, it is a G-module.

Suppose that A = Z,, and that we define the set valued function F: Z,—Z, ,

F(x)={yeZ,:y=x";neN}.Then (F,A) is a fuzzy soft group on Z,.
B = Z, and that we define the set valued function V: Z,—Z,, , V(x) = {yeZ, : y = x™; ne N}.

Then (V,B) is a fuzzy soft G-module on M and is irreducible.

4.2 Example: LetV: B — (R")on R™ andletW: B — (C"*) on C" . Then (V,B) is a fuzzy soft
G-sub module of (W,B). Therefore (W,B) is a reducible G-module.

4.2 Definition: Let (V,A) be a nonzero G-module of M over K. Then (V,A) is called completely
reducible if for every fuzzy soft G-sub modules (W,B) of (V,A) there exists a fuzzy soft G-
sub module (W*, C) of (V,A) such that (V,A)=(W,B)(W*, C), where BNC=@ and BUC=A.

4.3 Example: Let G = {1, -1}, M=Q(v2) = {X + yV/2: X, y € Q}, My={0}, Mi= Q, M>=+/2 and
Q={V2b : beQ}. ThenM isa G-module on Q.
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LetA=GandF4—-G,F(x)={yeG:y=x", neN} Then (F, A) is a fuzzy soft group on
G.

LetB=7Z,V: Z->P(QW2); V(k) ={kx+kyv2:x,yeQ}. Then (V,B) is a soft G-module
of Q(v2) on Q.

Let B=7Z, Vo: Z—({0}); (V,B) and (V,,B) are trivial G-sub modules of (V,B) of Q(+/2)
on Q.

LetB=7Z,V1:Z->P(Q); V(k) ={k.x: x eQ}. Then (V1,B) is a soft G-module on Q.

Let B=7Z, V.. Z ->P(V2Q); V(k) = {kx + k.yv2: x,y eQ}. Then (V, B) is a fuzzy soft G-

module of on Q.

Therefore the only decompositions (V,B) = (V,B)® (V,,B) and (V,B) = (V1,B)® (V,,B) and

hence (V,B) is completely reducible G-module.

4.1Proposition: Let (F,A) be a soft vector space of finite dimensional V over K and let (W3, B)
be any soft subspace of (FA). If CNB =@ and BUC = A, there exists a soft subspace
(W,, €) of (F,A) such that (F,A)=(W,, B)® (W, C).

Proof: Let V be a finite dimensional vector space over a field F and let IW; be any subspace of V.
Then there exist a subspace W, of V such that V = W; @ W, by Proposition 2.21.

We obtain desired result from the definition of direct sumand CNB=0, BUC =A

4.1 Corollary: Let G be a finite soft group and M be a G-module. Then all finite dimensional

fuzzy soft G-modules over M are completely reducible.

Proof: From Proposition 4.1, for any finite dimensional (F,A) fuzzy soft G-module and (W;, B)
fuzzy soft G-sub module of (F,A) there exist a fuzzy soft G-sub module (W,,C) such that
(F,A)=(Wy, B)® (W, C). Therefore (F,A) is acompletely reducible fuzzy soft G-module.

4.1 Theorem : A fuzzy soft G-sub module of a completely reducible fuzzy soft G-module over

M is completely reducible.

Let (V,A) be a completely reducible fuzzy soft G-module of M over K. Assume that (W,4,) is a
fuzzy soft G-sub module of (V,A) and (N,4,) is a fuzzy soft G-sub module of (W,A4;). Then
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(N,A,) is a fuzzy soft G-sub module of (V,A). There exist a fuzzy soft G-sub module (T, A43)
such that (V,A)=(N, 4,)@(T,A3) since (V,A) is a completely reducible fuzzy soft G-module.

We have (N',4,) = (T, 43)N (W, 4;) for A, NA, = @ . From definition of direct sum  N(i,)N
N'(iy) ©N(i)NT(i3)={0} Vied,1<k<4.

If W(i)e (W,4;) for i#0 i € A; then W(i)e (V,A) and W(i) = N(i)+T(i). Here N(i)e (N, A,) and
T(i)e(T, 43). Therefore we obtain T(i)e(W,4;). Hence T(i)e (T,A3)N(W, 4;) = (N, 4,) and
(W! Al) = (N, AZ )EB( N’, A4)

4.2 Proposition : Let (V,A) be a completely reducible fuzzy soft G-module over M. Then there
is a irreducible fuzzy soft G- sub module of (V,A).

Proof: Let (V,A) be a completely reducible fuzzy soft G-module over M and let (N,A;) be a
fuzzy soft G-sub module of (V,A). N(i;)e (N,A;) fori; € A; Consider the collection sets of
submodules of (N,A;) such that (N,A;) does not contain N(i;). This set is not empty. Because
there is at least (My, A) fuzzy soft G-sub module of (V,4). This collection sets has maximal

element (Ny, A;) from Zorn’s Lemma.

(N, Ay) is a completely reducible soft G-module and there exist a fuzzy soft G-sub
module (N;, 43) <(N,A4;) such that (N, 4;) = (Ny, 4,)® (N;, A3) by Theorem 4.1.
Now we must show that (N;, A3) is irreducible fuzzy soft G-sub module of (V,A4).

Assume that (N;, Az) is reducible fuzzy soft G-sub module of (V,A). Then there exist a fuzzy
soft G-sub modules (N,,A44), (N3,As5) € (N, A3) such that (N;, A3) = (N,,A4)@® (N3,A5) by
Theorem 4.1. Hence we obtain (N, B) = (Ng, 42)® (N,,44)® (N3,4s5). From definition of direct
sum we have {Ny(iz)+ N2(is)} N{Ny(iz)+N3(i5)} = {0} Vi, e A, 1<k<5.Then N(i;) & {(Ny,
A))+ (Ny,A)} or N(ip) €{(Ny, 4,)+(N3,A5)}. This is a contradiction. Because (Ny, A;) is an
maximal element of the collection sets. Therefore (N;, As3) is irreducible fuzzy soft G-sub
module of (V,A).

4.3 Proposition: Let (V,A) be completely reducible fuzzy soft G-module over M. Then (V,A) is
a direct sum of irreducible G-sub modules of (V,A).
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Proof: Let {(Vz,A3) : Bel } be a family of fuzzy soft G-sub modules of (V,A) and let (N,B) =
@ (V5,Az) . Assume that (V,A) #N,B). Then (N,B)<(V,A).

There exist a fuzzy soft G-sub modules (N',C)<(V,A) such that (V,A) = (N,B)Y(N',C) since
(V,A) is completely reducible soft G-module. From Theorem 4.1. (N',C) is completely reducible
fuzzy soft G-sub module and (N',C) has an irreducible fuzzy soft G-sub module by Proposition
4.2. Hence N(DN(N'(i) # {0} V i € A. This is a contradiction with (V,A) = (N,B)(N',C).
Therefore (V,A) = @ (Vg,43).

Conclusion: Module theoretic approach is better suited to deal with deeper results in
representation theory. Moreover, module theoretic approach gives more elegance to the theory.
In particular, the G-module structure has been extensively used for the study of representations
of finite groups. In this paper, we have studied notions of fuzzy version of soft G-module and
obtain basic properties of such soft G-modules, the concept fuzzy soft G-modules over a
commutative ring with respect to t- norm. Moreover we examine irreducibility, reducibility and

complete reducibility of fuzzy soft G-modules.

REFERENCES

[1] D. Molodtsov, Soft set theory first results, Comput. Math. Appl. 37 (1999) 19 - 31.

[2] P.K. Maji, R. Bismas and A. R. Roy, Soft set theory, Comput. Math. Appl. 45 (2003)
555 - 562.

[3] H. Aktas and N. Cagman, Soft sets and soft groups, Inform. Sci. 177 (2007) 2226 - 2735.

[4] S. Das and S.K. Samanta, On soft complex sets and soft complex numbers, J. Fuzzy Math.
20 (4) (2012).

[5] S. Das and S.K. Samanta, Soft Real Sets, Soft Real Numbers and Their Properties, J.

Fuzzy Math. 20 (3) (2012) 551-576.

[6] S. Das and S.K. Samanta, Soft metric, Annas of fuzzy mathematics and informatics,
6 (1) (2013) 77 -94

[7] S. Das, P. Majumdar and S. K. Majumdar, On Soft Linear Space and Soft Normed
linear space, Math. GM, (2013) orXiv 1308.1016

[8] Q. Sun, Z. Zang and J. Liu, Soft sets and soft modules, Lecture Notes in Computer,
Sci, 5009 (2008) 403 — 409.

16 International Journal of Engineering and Scientific Research
http://www.ijmra.us, Email: editorijmie@gmail.com




ISSN: 2347-6532 L Impact Factor: 5.900

[9] C. W. Curties, Representation theory of finite group and associative algebra. Inc,
(1962)

[10] H. Keneth and K. Ray, Linear algebra, Eastern Economy Second Edition (1990)

[11] John. B. Fraleigh, A First Course in Abstract Algebra, Third Edition, Addition-Wesley /
Narosa (1986).

[12] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965) 338 - 353

[13] A. Rosenfield. Fuzzy groups, J. Math. Anal. Appl., 35 (1971) 512-517.

[14] S. Fernandez, Ph.D. thesis “A study of fuzzy G-modules” Mahatma Gandhi University,
April 2004.

[15] A. K. Sinho and K. Dewangan, Isomorphsim Theory for Fuzzy Submodules of G -
modules, International Journal of Engineering, 3 (2013) 852 — 854

[16]S.R.Lopez-Permouth, D.S.Malik, On categories of fuzzy modules, Information Sciences 52
(1990), 211-220.

[17] Cagman and Enginoglu, Soft Matrix Theory and its decision making, Computer and
Mathematic with Applications, 59 (2010) 3308-3314

[18] F. Feng, Y. B. Jun and X. Zhao, soft semirings, Comput. Math. Appl. 56 (2008) 2621 -
2628.

[19] E.Turkmen, A.Pancar, On some new operations in soft module Theory, Neural Comp and
Applic (2012).

[20] F. Feng, Y. B. Jun, X. Zhao, Soft Semirings, Journal Comp Math with Applic, V 56, issue
10, November,(2008), 2621-2628.

17 International Journal of Engineering and Scientific Research
http://www.ijmra.us, Email: editorijmie@gmail.com




